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1 Introduction
There are a number of reasons to consider the nature of entanglement entropy in systems
of finite volume. Most obviously, perhaps, is the fact that since the entanglement entropy’s
definition is so geometrical in nature (see section 2 for a reminder), important new features
are sure to arise as a result of the finiteness of both regions whose mutual entanglement
are being considered, as well as new considerations about the nature of how the entan-
gling regions’ relative shape are chosen. Some of these features will emerge in the results
presented, but the main motivation was to use finite volume as a laboratory for studying
the entanglement entropy in situations where there is interesting phase structure. Genuine
thermodynamic phase structure is possible in finite volume if there is some other way of
getting the needed thermodynamic limit that comes from having an infinite number of
degrees of freedom.
One such way is to be able to dial up the number of degrees of freedom by having
multi-component fields such as vectors, matrices, and so forth, allowing one to send the
degrees of freedom to infinity in an organized fashion. Gauge theories (and close cousins
thereof) are a good example, and the large N limit (where there are order N2 fields in
the adjoint representation of the gauge group, for example) has long [1] been known as a
famous way of yielding interesting models. Holographic studies of gauge theories at large
N , in the form of the AdS/CFT correspondence [2–5] and generalizations, have yielded a
large number of interesting examples of phase transitions in both finite and infinite volume,
and these examples have been probed in a number of ways, providing considerable insights
in a number of directions. With on one hand, the (conjectured) holographic definition of
the entanglement entropy of Ryu and Takayanagi [6, 7], and on the other hand the growing
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interest in understanding entanglement entropy in a wide range of applications to quantum
systems, it seems prudent to see what can be learned by revisiting some old familiar and
robust examples, tracking the entanglement entropy’s properties where possible.
That is the goal of the work being reported here, and the target examples (focusing
on finite volume) will be asymptotically anti-de Sitter charged and uncharged black holes
in Einstein-Maxwell gravity, for which much of the phase structure and its holographic
interpretations were uncovered in refs. [5, 8, 9], as we will review below. These examples
afford us first order finite temperature transitions, an understanding of how to characterize
the phases on either side of the transition (in terms of properties of the black hole, or of
AdS), novel first order transitions between different types of black hole, and (even more
novel perhaps) a second order phase transition at the end of a critical line of first order
points. This is all rich physics which deserves to be revisited given the new ability to get
access to the entanglement entropy and track it across the transition.
The entanglement entropy, studied here holographically as a probe of the geometry, will
directly inherit some of the structure of the thermodynamics of the examples, such as the
location of the transition temperature as the system moves between phases. By studying
the entanglement for a subsystem whose volume is very small compared to the overall
(finite) volume of the field theory, as we do in this paper, we will be far from the regime
where the entanglement entropy’s behaviour is dominated by the thermal entropy. In
our examples, therefore, the resulting dependence on the temperature is in principle quite
different from that of the thermal entropy (even though they share the same transition
temperature). We will explore some of that dependence, including the neighbourhood of
the second order critical point.
This is all very interesting in its own right, but there’s a second agendum here. We need
to enlarge the number of tractable examples in which we have computational control of the
entanglement entropy, especially if it is to be used as a diagnostic tool in more complicated
systems of both theoretical and experimental interest, such as novel condensed matter
phases arising as a result of thermal or quantum phase transitions. For example, the
second order point accessible at finite volume could well teach us some interesting physics
that may have broader lessons, allowing us to compare and contrast with the physics of
other second order points, or to deduce physics about points to which we do not have
ready computational access. Broadly speaking, this paper’s results may be considered an
attempt to widen the class of examples we have at our fingertips.
2 Review of holographic entanglement entropy
Given a quantum system, the entanglement entropy of a subsystem A and its complement
B has the following definition:1
SA = −TrA (ρA ln ρA) , (2.1)
where ρA is the reduced density matrix of A given by tracing over the degrees of freedom
of B, ρA = TrB(ρ), with ρ is the density matrix of the system.
1Ref. [7] has a review and several useful references.
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When there is a holographically dual gravitational system available for the quantum
system that is asymptotically anti-de Sitter (AdS), it has been conjectured that the entropy
is holographically computed as follows [6, 7]. In this paper our coordinates are such that
our asymptotically AdS4 metrics are of the form:
ds2 = −
(
1 +
r2
l2
+ · · ·
)
dt2 +
(
1 +
r2
l2
+ · · ·
)−1
dr2 + r2(dθ2 + sin2 θdϕ2) , (2.2)
where l sets the cosmological constant Λ = −3/l2 (see next section for further details). The
boundary of AdS4 is at r = ∞, a copy of the 2 + 1 dimensional space S2 × R, a product
of a round two sphere and time. The holographically dual theory is defined on S2 × R.
Consider a spatial region A in the S2. Now find the minimal-area surface γA bounded
by the perimeter of A and that extends into the bulk of the AdS geometry. Then the
entanglement entropy of region A with B is given by:
SA =
Area(γA)
4G
, (2.3)
where G is Newton’s constant in the dual gravity theory. Since there are an infinite number
of degrees of freedom in continuum field theory, the entanglement entropy, defined as it is
as a trace, is divergent, so a UV regulator is needed in order to give a finite result. From
the holographic definition, the divergence comes from the diverging area of the surface. A
UV regulator is naturally achieved in this prescription by evaluating the area integral up
to radius, r = l2/ǫ, for small ǫ. Recall that this defines the dual field theory with a UV
cutoff ΛUV ∼ 1/ǫ (see ref. [10] for a review), regulating the area/entropy.
Note that there is an important refinement of the prescription for the entropy when
there is non-trivial topology in the bulk due to the horizon of a black hole. It is discussed
at the beginning of section 4. In this paper, we will not be studying regimes where this
refinement is needed.
3 Some properties of charged black holes in AdS4
Let us recall some aspects of the system to be studied. The black hole is a Reissner-
Nordstro¨m-like solution of the Einstein-Maxwell system with bulk action
I = − 1
16πG
∫
d4x
√−g (R− 2Λ− F 2) , (3.1)
where Λ = −3/l2, the cosmological constant sets a length scale l. The black hole has mass
and charge set by parameters m and q, with metric
ds2 = −V (r)dt2 + dr
2
V (r)
+ r2(dθ2 + sin2 θdϕ2) , (3.2)
where
V (r) = 1− m
r
+
q2
r2
+
r2
l2
, (3.3)
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(a) Φ < Φc = 1. (b) Φ ≥ Φc = 1.
Figure 1. The free energy vs. β curve in the fixed potential ensemble. For Φ < Φc = 1, it is a
cusp. Here, and in subsequent figures, we chose G = 1 and l = 1 for convenience.
and there is a gauge potential
At = −q
r
+Φ , (3.4)
with Φ = q/r+, a constant chosen to have A vanish on the horizon at r = r+, the largest
positive real root of V (r).
Various thermodynamic properties of this system were worked out some time ago,
starting (for our purposes) with the work of Hawking and Page [8], and greatly clarified
and expanded in the context of holographic duality to field theory physics by Witten [5].
The extension to Reissner-Nordstro¨m black holes in Einstein-Maxwell-AdS was done in
ref. [9], where several new phenomena were observed, as will be reviewed below. Overall, a
key point is that phase transitions can take place as one varies (for example) temperature
and charge (or potential, depending upon one’s choice of ensemble). From the dual field
theory point of view, these are possible even though the system is in finite volume (the
dual (2 + 1)–dimensional theory is on S2 × R) because there are still an infinite number
of degrees of freedom as a result of being in a large N limit. At fixed potential Φ, for
example, the free energy of the black hole relative to pure AdS is [9]:
F =
I
β
=
1
4Gl2
(
l2r+(1− Φ2)− r3+
)
, (3.5)
where the inverse temperature β is given by the usual relation
β = 4πV ′ |r=r+ =
4πl2r3+
3r4+ + l
2r2+ − q2l2
=
4πl2r+
3r2+ + l
2(1− Φ2) . (3.6)
This is plotted as a function of inverse temperature in figure 1. The first order transition
of the Hawking-Page system is the special case of Φ = 0, and we have a generalization to a
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(a) Shape for Φ < Φc = 1. (b) Shape for Φ > Φc = 1 or alternatively, q >
qc =
l
6
.
Figure 2. Sample curves showing the shape of the inverse temperature as function of horizon radius
for the fixed potential ensemble. The dotted line shows the location of the first order transition.
For Φ > Φc, the curve is of roughly the same form as that of the fixed charge ensemble for q > qc.
The vertical solid line in (b) denotes the minimum radius black hole at r+ = re, which has T = 0.
See text for discussion.
family of first order transitions in the (T,Φ) plane, as worked out in ref. [9]. There are up
to three competing phases, depending upon one’s location in the plane. For Φ < Φc = 1, at
large enough temperature, there is pure AdS, and two families of black hole, “small” and
“large”. The black hole families can be seen by plotting the β “equation of state” for fixed
Φ < 1. See figure 2(a). Below a certain temperature, there are no black holes and the only
available solution is AdS. Eventually, the large and small (as measured by their relative
horizon radii r+) holes become available. The small branch are actually thermodynamically
unstable (but interesting nonetheless, not the least because they are the ones that most
resemble the Schwarzschild black holes of asymptotically flat spacetime), and in any case
turn out to have action higher than that of the large black holes. The large black holes’
action becomes lower than that of AdS at some temperature T∗ = β
−1
∗ . For example for
the case of Φ = q = 0 it is (in units where l = 1) β∗ = π. See figure 1(a).
For Φ ≥ 1 the structure is different (see figure 2(b)). In that case, there are black holes
for all temperatures. There is a minimum radius hole at r+ = re given by 3r
4
e+l
2r2e−q2l2 =
0, at which T = 0. The “small” branch holes have disappeared, in essence, and all holes
are large, and in fact there is now no transition at any temperature.2 The relative free
energy is negative for all β. See figure 1(b).
2Well, as far as this analysis is concerned. For this ensemble and the fixed charge ensemble, one can
do further stability analysis to uncover more subtle phase structure. The extremal black holes at zero
temperature also have certain instabilities in this ensemble. This will not concern us here. See ref. [11] for
further study of these issues.
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(a) Shape for q < qc =
l
6
. (b) Shape for q = qc =
l
6
.
Figure 3. Sample curves showing the shape of the inverse temperature as function of horizon
radius for the fixed charge ensemble. The horizontal dotted line shows the location of the first
order transition (a) and a second order transition (b), the latter being at r+=
l√
6
(vertical dotted
line). The vertical solid line in each graph denotes the minimum radius black hole at r+ = re, which
has T = 0. See text for discussion.
Our interest in this paper is largely to map out how the entanglement entropy behaves
in these finite volume systems, and to uncover features of its behaviour near the transitions.
For our purposes, the first order transitions of the fixed potential ensemble are all somewhat
analogous to each other in that they have a jump from pure AdS to the AdS black hole
(with fixed potential). We shall look at that in the next section.
There are two intriguing features of the fixed charge ensemble that seem worth explor-
ing. These were entirely new types of transition discovered in ref. [9]. They are transitions
between black holes of different sizes, and constitute a line of first order transitions that
terminates in a second order point, in a manner analogous to the classic Van der Waals
gas.3 This is certainly an interesting family of transitions across which to track the en-
tanglement entropy. Let us recall the structure. Plotting the “equation of state” β(r+)
at fixed q shows that there are again two broadly different situations, depending upon the
value of q. For q < l/6, there are three families of black hole (see figure 3(a)). The large
(stable) and the small (unstable) branches of before are joined by a new, even smaller
branch which is in fact stable. There are black holes for all temperatures, starting out
again at T = 0 with the extremal hole of radius re, and going up from there. For a range
of temperatures, there are then three holes competing thermodynamically, and for a while
the smallest branch continues to win until at some T∗ the system jumps to the large holes.
See the red dotted line in the figure. This is all made more clear by computing the relative
3The thermodynamics of these black holes can also be studied in an ensemble where the cosmological
constant is allowed to vary, and in which the second order critical point has an even stronger resemblance
to the Van der Waals system. See refs. [12, 13].
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(a) q < qc =
l
6
. (b) q = qc =
l
6
.
Figure 4. The swallowtail and critical curves for free energy vs. β in the fixed charge ensemble.
free energy again (now using the fixed charge extremal black hole as the reference), which
is [9]:
F =
I
β
=
1
4Gl2
(
l2r+ − r3+ +
3q2l2
r+
− 4
3
l2re − 8
3
q2l2
re
)
. (3.7)
A plot of it reveals the beautiful swallowtail structure uncovered in ref. [9], showing how
the three branches fit together. See figure 4(a). The middle (unstable) branch of black
holes makes the base of the tail, and the transition from the smallest to the large branch is
along the bottom edge of the structure, at the kink (running in from the right to increase
the temperature, for example). The first order transitions that occur at this kink go away
when the we get to q = qc = l/6, since the tail shrinks away to leave a smooth structure, the
result of the smallest and largest branches merging into one (see figure 3(b) and figure 4(b)),
and squeezing out the unstable branch. Intriguing is the second order point at which this
happens (see figure 5 for a phase diagram). This is perhaps the earliest example in the
literature of a second order point for a gauge theory realized as a gravity dual, and since
there is a lot of current interest in such points (for example in holographic studies of
superconductivity [14, 15] and related novel quantum phases of potential experimental
interest [16, 17]), it is worth exploring how the entanglement entropy behaves near it,
perhaps as a model for other systems (even though it is of a somewhat different sort from
the systems currently being studied).
4 Entanglement entropy in global coordinates
The entanglement entropy for systems asymptotic to global AdS does not seem to have
been studied in the literature as much as for planar AdS, and so we shall go carefully,
so as to be clear. The spatial part of the field theory in our case is on a round S2,
with coordinates θ and ϕ. For the computations of entanglement entropy, geometrically,
region A will be parameterized by a closed, connected shape in (θ, ϕ). Our choice for the
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3.1 3.2 3.3 3.4 3.5 3.6 3.7 3.8 3.9 4
0
0.02
0.04
0.06
0.08
0.1
0.12
0.14
0.16
0.18
β
q
line of first order
phase transitions
Hawking−Page
phase transition
second order
critical point
Figure 5. The phase diagram for the fixed charge ensemble. There is a line of first order points
beginning with the Hawking-Page transition at q = 0, β = π and ending with a second order critical
point at qc = 1/6, βc = π(3/2)
1/2. Here, we used l = 1 units. See text for discussion.
boundary will either be constant θ (which we’ll call θ0), giving a cap/yarmulke or disc
shape, or constant |ϕ| (which we’ll call ϕ0), giving what begs to be called an orange slice.4
In a sense, these are the natural finite volume analogues of the disc and strip that are
commonly studied in the literature for infinite volume. A key additional difference is as
follows: due to our choices, the finite complementary region, B, is in fact of the same
shape as A, with size controlled by a single parameter (θ0 or ϕ0). There is a point where
A begins to become larger than B, (θ0 or ϕ0 = π/2), and by symmetry, it is clear that the
form of the entropy will be the same as it was for smaller A, regardless of local features of
the bulk. (There’ll be an explicit analytic example below for pure AdS4.) When there is
non-trivial topology in the bulk due to a black hole horizon, there is an important caveat
to the previous observation. A refinement of the Ryu-Takayanagi prescription5 shows that
for large enough A, the entropy can indeed be written in terms of the minimal surface
associated with B, plus a contribution from the surface that wraps the horizon. For the
studies in all of this paper, we will stay away from this (strongly thermal) regime for
the entropy.
4Transitions in entanglement entropy and geometrical entropy were studied in refs. [18] and [19] in fixed
black hole geometries, by comparing minimal surfaces to surfaces that end on the horizon, as a function of
the size of region A. Our goals in this paper are different, since we will be fixing the size of region A and
instead allowing the bulk geometry to make transitions.
5See e.g., refs. [7, 20–23] for more discussion. Thanks to R. C. Myers and M. Rangamani for useful
communications about this.
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The profile in the bulk will be given by the function6 r(θ, ϕ). The induced metric on
the surface, with coordinates (ξa, a = 1, 2) is:
hab = Gµν
∂xµ
∂ξa
∂xν
∂ξb
, (4.1)
where we pick ξ1 = θ and ξ2 = ϕ. So the area of our surface comes from minimizing
the following:
A =
∫ pi
θ=0
∫ 2pi
ϕ=0
(deth)
1
2 dθdϕ . (4.2)
Since our only non-trivial embedding function xµ(ξa) is r(ϕ, θ), the Lagrangian is a classical
mechanics problem with either ϕ or θ acting as a time parameter:
L = [Gϕϕ (Gθθ/2 +Grr(r˙)2)+Gθθ (Gϕϕ/2 +Grr(r′)2)] 12 , (4.3)
where r˙ ≡ ∂r/∂θ and r′ ≡ ∂r/∂ϕ.
4.1 Orange slices
Here, pick a surface bounded by the two lines of longitude ϕ = ±ϕ0. Then the problem
of minimization can be treated by having ϕ act as a time, with the benefit that since
the metric coordinates Gµν have no ϕ dependence, the Hamiltonian derived from the
Lagrangian is conserved. The Hamiltonian’s value can be determined by noting that at the
point (ϕ = 0, θ = π/2), both r′ and r˙ vanish, and r attains its minimum value, r0. However,
the θ dependence of the Lagrangian means that even with this result, the problem remains
a difficult one to solve,7 and we shall not pursue it here. So unlike the strip, its cousin in
local coordinates, the orange slice geometry does not drastically simplify, and it is the disc
that shall turn out to be the easier case to study, as we shall see next.
4.2 Discs
In this case consider a surface bounded by the line of latitude θ = θ0, which has the
topology of a disc. Then θ can be treated as a time. Because of the lack of ϕ dependence
of the metric components, and hence of the Lagrangian, every ϕ is equivalent, and so we
can drop the ϕ dependence and treat the problem of solving for r(θ) as that of a particle.
Then the area is:
A = 2π
∫ θ0
0
G
1
2
ϕϕ
(
Gθθ +Grr(r˙)
2
) 1
2 , (4.4)
where here r˙ = dr/dθ. The (rather complicated) equation of motion for r(θ) must be solved
with the boundary condition r˙ = 0, r = r0 at θ = 0, and r = ∞ at θ = θ0. We regulate
6There is the possibility of multi-valuedness for the function r(θ, ϕ), giving a richer structure for the set
of solutions than we shall find here, such as found in ref. [24], another study of the entanglement entropy
for black holes in global coordinates, which appeared after this work was completed. In this paper we will
be working a regime where the multi-valuedness seen in ref. [24], is not present.
7The earlier versions of this manuscript presented an attempt to reduce the problem to a one dimensional
first order problem. The accompanying ansatz and reduced Lagrangian were incorrect. We thank M.
Rangamani for pointing out the error.
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the area by integrating out not to r =∞ but r = l2/ǫ, for small ǫ. In general this problem
is difficult to solve, and an analytic expression does not seem accessible. There are no
nice conservation laws to readily give us a first integral. Even in the pure (global) case of
q = m = 0 it is a rather difficult task to solve directly, with the equation of motion being:
sin θ
(
l4r2 + r4l2
)
r¨ + l4 cos θ(r˙)3 − sin θ (4 r3l2 + 3 rl4) (r˙)2 (4.5)
+ cos θ
(
l4r2 + r4l2
)
r˙ − sin θ (2 r7 + 4 l2r5 + 2 r3l4) = 0 .
In fact, some experimentation shows that there is an exact solution to this equation,
which is:8
r(θ) = l
[(
cos θ
cos θ0
)2
− 1
]− 1
2
, (4.6)
with
cos θ0 =
r0√
l2 + r20
. (4.7)
The area integral can be evaluated with the result:
A◦ = 2πl2
[
l
ǫ
(
1 +
ǫ2
l2
) 1
2
sin θ0 − 1
]
≃ 2πl2
[
l
ǫ
sin θ0 − 1
]
. (4.8)
This is the expected form, with the area law coming with the UV cutoff, where the “area” of
the boundary of the region in question is the perimeter of the disc, and with the appropriate
universal term. There’s a maximum value that the entanglement entropy S(θ0) = A/(4G)
can attain, quite naturally since at θ = π/2 the region A starts shrinking again, by sym-
metry, a consequence of finite volume. The θ0 → π − θ0 symmetry is manifest.
To make further progress one can delve into the delicate matter of extracting numerical
results for m and q non-zero. One must solve the second order equation of motion for r(θ)
with the boundary condition, and then put r(θ) and r˙(θ) into the area integral and integrate
up to the cutoff. It is actually quite tractable, with some care, and it is worth recording
one way of proceeding here. First, it it natural to treat the system as a boundary value
problem. Such problems, as numerical endeavours, benefit from a good starting mesh from
which to iterate to convergence. The exact solution (4.6) is very useful to have to input
as a starting mesh. MatLab’s bvp4c and bvp5c were used here, with tight error tolerances
switched on, and grids of sizes ranging from 104 to 106, depending upon where in parameter
space was being probed. We worked with G = 1, l = 1, and ǫ = 10−4. It is important to
respect staying on the solution of interest while implementing the cutoff of the integration
(and the finiteness necessary to do the boundary value problem) by appropriate tuning of
the boundary conditions in the numerical problem.
The numerical plots for S(θ0) for fixed genericm and q are not particularly illuminating
for the range of θ0 we explored. The area law is readily verified (in a wide range of regimes
where the numerics are reliable) and is of the same form as shown above in equation (4.8),
8Actually, in retrospect it can be readily deduced from various changes of variable to be found in ref. [25]
(we thank Tameem Albash for a reminder to carefully read that paper), or in refs. [26, 27].
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since, of course, the boundary geometry is the same. That contribution dominates, and
the subleading physics is the m, q dependence that is present for a given θ0. We see, for
example, the entropy rise with temperature (we will be more explicit below). We can
subtract off the entanglement entropy of the pure AdS part, to display more directly the
interesting physics. This will be done in the next section. For our purposes, the exact θ0
dependence is perhaps not so interesting to display in a series of curves. So we will not.
What remains to be done is our main task of looking at the entropy’s response to the first
and second order phase transitions we reviewed earlier.
5 Entanglement entropy and large N phase transitions
The disc regions of section 4.2 can be readily made to yield a wealth of information about
the entanglement entropy S(θ0) in the neighborhood of the phase transitions. It is impor-
tant to note that here we are not considering transitions in the entropy as a function of,
say, θ0, for a fixed background (see footnote 4), but as a function of temperature. The fact
that the backgrounds make transitions is something the gravity theory has established for
us already (and which we reviewed in section 3). So we would like to follow the entropy
by tracking it from one background to another. It is a probe of the bulk geometry, not a
driver in and of itself. In this way we hope to learn from these models more about how it
may be used as a diagnostic tool in other systems. One way to proceed with uncovering
our physics is to stay at a fixed θ0 (the choice θ0 = 0.005 was made) and scan the space
(m, q) of solutions, whether they be small or large (or very small) black holes, computing
the entanglement entropy for them. Then folding in the equation of state information i.e.,
β(r+), one can arrive at the entropy as a function of β for the various branches. Knowledge
of the branches that are selected at various points in the (T,Φ) or (T, q) plane shows how
to move from one entropy curve to another, either smoothly or discontinuously, as dictated
by the bulk thermodynamics described in section 3.
The simplest case is of course when there is no transition, with large black holes the
favoured phase for all temperatures. This is either in the fixed Φ ensemble for Φ > Φc = 1,
or the fixed charge ensemble for q > qc = l/6. In such cases, we have the situation
shown in figure 6, where the choice G = 1, l = 1, and q = 1 was made. In the figure,
we have subtracted the overall (UV regulated) leading AdS contribution S◦ = A◦/4 =
(π/2)((1 + ǫ−2)1/2 sin θ0 − 1) ≃ 76.96869316 seen in the last section (see equation (4.8)).
There we see that the entropy smoothly varies as a function of temperature (rising with
it). (This plot was done for the fixed charge ensemble at q = 1, but also qualitatively
illustrates the key features of the fixed Φ ensemble for Φ > Φc = 1.)
The next case is the fixed Φ ensemble for Φ < 1, and we chose parameters G = 1, l = 1,
and q = Φ = 0 for illustration. See figure 7. Again S◦ is the (UV regulated) leading AdS
contribution that has been subtracted. As the temperature is raised (coming in from the
right), the favoured entanglement entropy is that of pure AdS (which is S−S◦ = 0), since
it is thermodynamically preferred. Then there is a transition at inverse temperature β∗
(which is exactly π for this case, indicated with the vertical dashed line). At that point, the
plotted curve becomes relevant, and the entropy jumps discontinuously from that of AdS
– 11 –
J
H
E
P03(2014)047
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◦
Figure 6. The disc entanglement entropy for fixed angle vs. inverse temperature for black holes in
the fixed charge ensemble for q > qc. The same qualitative behavior is seen for the fixed potential
ensemble with Φ > Φc. The quantity S
◦ is the (UV regulated) leading AdS contribution. See text
for discussion.
to that of the large (upper) branch holes, the solid part of the curve where the data points
are circles. (The dashed parts of the curve with the data points denoted as crosses are
never favoured.) For higher temperatures the entanglement entropy then proceeds along
on its rise with temperature.9
The fixed charge ensemble’s black hole to black hole transitions are next. See figure 8.
The parameter values G = 1, l = 1 and q = 1/6 − 0.05 were chosen, and again S◦ is the
(UV regulated) leading AdS value. Along the bottom of the figure coming in from the
right (rising temperature) is a slowly rising entanglement entropy, along the lowest branch
(solid line). Again the vertical dashed line shows the transition temperature β∗, which is
≃ 3.588 for this example. At the transition, there is a discontinuous jump in the entropy
to the upper branch (the large black holes) where henceforth it rises more rapidly with
temperature (solid curve with circle data points. (Note that the dashed parts of the curve
with cross data points are never favoured.)
9Note that there is no temperature dependence of the entanglement entropy for pure AdS, which is dual
to the “confined” phase of the field theory at large N . Recall that the holographic duality to a classical
gravity solution gives the leading, order N2, physics of the field theory. Since the geometry of the Euclidean
section of AdS (formed by giving Euclidean time, τ = it, a period β = 1/T ) is the same for all temperatures,
any β dependence can only be visible at lower orders in the 1/N expansion. This is in contrast to the black
holes, whose geometries vary with β, and so yield temperature dependence already at order N2. See ref. [5].
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Figure 7. The disc entanglement entropy for fixed angle vs. inverse temperature for black holes in
the fixed potential ensemble with Φ < Φc. The vertical dashed line marks the transition temperature
where AdS (with S−S◦ = 0) hands over to the black holes for high enough temperature. Then
the upper branch (solid line with circle data points) is the relevant entropy. The dashed part of
the curve with crosses for data points is never favoured. S◦ is the (UV regulated) leading AdS
contribution. See text for discussion.
Finally, we turn to the second order transition and its neighbourhood. This is shown
in figure 9, where G = l = 1 and q = qc = 1/6, with S
◦ the (UV regulated) leading AdS
value. We are rewarded with a remarkable shape. The modest rise with temperature on
the lower branch is smoothly connected to the more rapid rise with temperature via a
stationary point, at βc = π(3/2)
1
2 .
It is interesting to notice that some of the features of the entanglement entropy that
we’ve uncovered are actually familiar. For the fixed charge ensemble, we can see that the
curves in figures 8 and 9 are somewhat reminiscent of the (β, r+) curves in figure 3, while
for fixed potential, the curves in figures 6 and 7 resemble those for (β, r+) in figure 2.
This is not an accident, and we can unpack this somewhat. The Bekenstien-Hawking
entropy [28–31] for any of our black holes, with horizon radius r+, is SBH =
1
4
ABH = πr
2
+,
in units where G = 1. Our “equation of state” in equation (3.6) can be rewritten as an
exact relation between the entropy and the temperature by substitution:
β =
4
√
πSBH
3SBH/πl2 + 1− Φ2 , or β =
4
√
πSBH
3SBH/πl2 + 1− q2π/SBH , (5.1)
for the fixed potential and fixed charge ensembles respectively. Let us focus on the fixed
– 13 –
J
H
E
P03(2014)047
3.1 3.2 3.3 3.4 3.5 3.6 3.7 3.8
1.4691
1.4692
1.4693
1.4694
1.4695
1.4696
1.4697
1.4698
1.4699
1.47
x 10−4
β
S
−
S
◦
Figure 8. The disc entanglement entropy for fixed angle vs. inverse temperature for black holes in
the fixed charge ensemble with q < qc. The vertical dashed line marks the transition temperature
where the smallest family of black holes (solid portion of the lowest branch of the curve) hands
over to the largest family (solid portion of the uppermost branch with circle data points) at high
enough temperature. The dashed portion of the curve with cross data points is never favoured. S◦
is the (UV regulated) leading AdS contribution. See text for discussion.
charge ensemble, although the key remarks to be made about the similarity in shape apply
to the fixed potential ensemble equally well. Notice that for real β, SBH must be positive.
In this range, there are two branches. β diverges at the positive root of the denominator, at
SeBH =
l2π
6
[(
1 +
12πq2
l2
)1/2
− 1
]
. (5.2)
(This is in fact the entropy of the extremal black holes, for which T = 0.) For SBH above
that root, β is positive, while below it is negative. The turning points of β(SBH) are located
at the roots of
3S2BH/πl
2 − SBH + 3q2π = 0 , (5.3)
at
S±BH =
l2π
6
[
1±
(
1− 36πq
2
l2
)1/2]
, (5.4)
coalescing at the critical point q = qc = l/6. The physical quadrant of the function β(SBH)
is plotted in figure 10 for the two sample values of q we used before (qc and qc − 0.05l),
showing the similarity to our numerically obtained curves for the entanglement entropy.
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Figure 9. The disc entanglement entropy for fixed angle vs. inverse temperature for black holes
in the fixed charge ensemble with q = qc = 1/6. This is a second oder critical point. The vertical
dashed line marks the transition temperature at βc = π(3/2)
1
2 . S◦ is the (UV regulated) leading
AdS contribution. See text for discussion.
Now all this is relevant to the entanglement entropy curves since, after subtracting off
the temperature independent contribution S◦ as we have done, in the regime when region A
is large enough (i.e., θ0 is large enough), the entropy will see the thermal contribution, given
by the black hole entropy SBH since, as already mentioned near the start of section 4, there
will be a contribution from wrapping the entire horizon. So in that strongly thermal regime
our curves should indeed coincide. However, we are far from this thermal regime, since
we are working at small θ0, but interestingly we see that the temperature dependence of
the entanglement entropy S(β) − S◦ resembles a scaled cousin of the function SBH(β).
By construction, the function S(β) naturally inherits multiple branches, like SBH(β) has
(upper, lower and middle for q < qc = l/6), and it also has a special point at qc = l/6
where the middle branch disappears as the upper and lower branches merge. This alone
does not imply that the functional dependence of S(β) − S◦ is exactly the same as for
SBH(β), up to an overall scaling.
10 Crucially, the neighbourhood of the point where the
branches merge may be a critical point of a different type than that seen for the black
hole physics, only coinciding with it in the thermal regime. That the functions have the
same qualitative structure does allow us, by reference to SBH(β), to phrase some specific
10In fact one can scale, e.g., the function in figure 8 and see that it cannot match that in figure 10(a)
everywhere.
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(a) q < qc =
l
6
. (b) q = qc =
l
6
.
Figure 10. The black hole entropy vs. β for subcritical (q = l(1/6 − 0.05)) and critical (q = l/6)
charges. We used l = 1 in the plots. Compare to the entanglement entropy curves given in figure 8
and figure 9 respectively, for the same choices of values of q.
questions about the form of S(β) in the neighbourhood of the critical point, which we then
can explore numerically.
Starting with the relation (5.1) above for the black holes we can examine the shape of
the critical (q = qc) curve near the critical point at βc by writing SBH = S
c
BH + ǫ, where
ScBH = l
2π/6, and expanding in small ǫ, giving the leading behaviour:
β − βc = −27
2
βc
(πl2)3
(SBH − ScBH)3 + . . . (5.5)
The coefficient and zero are particular to the function black hole SBH(β), but what’s
important for us is the cubic power, since it controls important universal behaviour [11]. It
follows from it that the black hole specific heat at constant charge CBHq (T ) = T (∂SBH/∂T )q
has a critical exponent of 2/3: CBHq (T ) ∼ (T − Tc)−2/3. We might ask if the same sort
of physics is present for the entanglement entropy S(T ), from which we can define an
analogous specific heat C(T ) = T (∂S/∂T ). Indeed after subtracting off the temperature
independent piece S◦ for convenience, the leading behaviour in the neighbourhood of the
critical point is indeed fit by a cubic. (There are of course, depending upon how closely one
probes, subleading terms which could limit the numerical accuracy of the determination
of the universal physics there.) Critical behaviour can be explored directly numerically by
computing the entanglement entropy S(T ) at q = qc in the neighbourhood of Tc at enough
points to allow a reliable computation of the derivative, and hence C(T ). We studied C(T )
this way at 100 points to get an estimate of the critical exponent (we chose an approach
such that T/Tc − 1 ∼ 10−8) obtaining an approximate value of 0.6975. See figure 11. It
is important to note that the number of significant digits listed here corresponds to the
accuracy of the fit overall, but there’s uncertainty in each point itself (each obtained from a
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(b) Fit: log(C(T )) = −0.6975 log(Tc − T ) +
const.
Figure 11. The specific heat defined for the entanglement entropy vs. temperature along a path
defined in the text. On the left is shown the fit for the ten nearest to T = Tc of the computed
points. The fit to a critical exponent of ∼ 0.6975 is shown to the right. See text for more discussion.
complicated boundary value numerical exercise). Taking this into account, we estimate that
this means that to the accuracy we are working at, our result of 0.6975 is roughly consistent
with the exponent 2/3. Proceeding to higher precision is very computationally intensive,
but worth exploring further in case (for example) there is some weak θ0 dependence.
Of course, this particular critical point is perhaps not directly applicable to second
order points of interest in (for example) condensed matter systems being currently con-
sidered in the literature, (note that further analysis of it in the fixed charge ensemble has
shown [11] it to be in a basin of instability to fluctuations11), but it is pleasing to be able
to have such a tractable model of this kind of behavior of entanglement entropy in any
system, and it may well be instructive behavior to have observed, and to study further.
In that spirit, we can examine the behaviour of the entanglement entropy specific heat
as we approach the critical point q = qc along other paths q(T ) we might choose to move
along in the (q, T ) plane. (Looking at the phase diagram in figure 5, our 2/3 exponent
came from moving to the critical point along a horizontal path.) For comparison, if this
was for the black holes, we’d have by differentiating SBH(T ):
CBH(T ) =
(
2SBH +
π1/2
S
1/2
BH
dq(T )
dT
)(
SBH − πq2 + 3S2BH/πl2
3πq2 + 3S2BH/πl
2 − SBH
)
, (5.6)
(In a different thermodynamic ensemble, in which the role of the pressure thermodynamic
variable P is played by the cosmological constant (see e.g., refs. [12, 32, 33]), this quantity
reduces to CBHP (T ).) Generically, the singularity of this function is controlled by the
denominator of the right hand factor, which is the same polynomial whose double zero is
located at the critical point (see equation (5.3)).
11Also, it is the fixed charge ensemble, so somewhat different character from other examples, although
that alone does not prevent it from finding a role somewhere.
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Figure 12. The specific heat defined for the entanglement entropy vs. temperature along a path
defined in the text, for 20 points. The fit consistent with a critical exponent of unity is shown to
the right.
On the approach to the critical point CBH(T ) diverges with a critical exponent of unity:
CBH(T ) ∼ |T−Tc|−1. This will be true for generically chosen paths q(T ) toward the critical
point. (The special non-generic path q = qc is the one with exponent 2/3.) So we might
wonder if this is true for our analogous specific heat C(T ) derived from the entanglement
entropy (again away from the regime whereA is large and the quantity becomes the thermal
entropy). In another series of computations we explored a path to criticality by choosing
a sequence of M charges very close to qc (we chose qm = qc +ml/10
6, where qc = l/6 and
m = 0, 1, 2, . . . ,M − 1) and then at each qm, working out the entanglement entropy S(T )
along the state curve for that charge for enough points to allow a reliable evaluation of
a discrete version of C(T ) = T∂S/∂T to high accuracy. Running this close to criticality
means that the derivative will be changing fast, and so a lot of computational effort needs
to be expended. We chose around 2000 points for each qm, and then C(T ) was evaluated
at the point where the second derivative of β(r+) vanishes (equivalently, choosing where
C is a maximum is also a good special point). This gives a well-defined sample path to
criticality,12 and we took M = 20 points along this path, ending on the critical point. The
behaviour near Tc (we had T/Tc − 1 ∼ 10−5) gave a good numerical fit (a value of 0.9916)
that was consistent with the power law C ∼ |T − Tc|−1. See figure 12. (Similar cautionary
remarks about the overall numerical accuracy, made earlier for the 2/3 critical exponent,
apply here. Note, however, that to get this result we used fewer points along the path and
were not as close to Tc, so this critical exponent was somewhat easier to establish than for
the fixed charge case.)
Such specific heats (defined with respect to temperature derivatives) control physics
associated with thermal fluctuations, and it would be interesting to go further and examine
12In fact, if the phase diagram in figure 5 were sufficiently magnified, the path would be seen arriving
at the critical point from above right, tangential to the line of first order points that extends down and to
the left.
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other, non-thermal quantities that can be derived from the entanglement entropy for these
phase transitions. This is particularly important since the entanglement entropy may
distinguish itself most as a diagnostic tool in the realm of quantum fluctuations. Pertinent
to this has been some of the discussion in the literature [34, 35] about the quantity that
would play the role that temperature does in the first law as the conjugate of entropy.
This could be an important quantity when considering systems at zero temperature, fixed
temperature, or even away from thermodynamic equilibrium where there temperature may
be ill-defined. The inverse size of region A is thought to define that analogous temperature,
and it would be interesting to study analogues of the specific heat defined using that
quantity for the class of transitions we have studied here. We leave that for future work.
6 Concluding remarks
By studying the holographic entanglement entropy in a finite volume system, a number of
interesting phenomena became accessible. Most interesting was the ready access one has to
observing the behavior of the entanglement entropy near important phase transitions that
are present at finite volume (but thermodynamically possible due to having a large number
of degrees of freedom at large N). Recall that unless there is another physical scale against
which to compare the temperature, such as a confinement scale like ΛQCD, or something
analogous, in infinite volume the transition temperature is driven to zero,13 so finite volume
allows for study of the neighbourhood of the transitions. The Hawking-Page first order
transition [8] (and its finite potential generalization of ref. [9]) saw the expected jump in
entanglement entropy due to the increase in the number of degrees of freedom, to a phase
(controlled by large black holes) where the entropy rises most rapidly with temperature.
The first order transitions between black holes in the fixed charge ensemble [9] were also
seen to have a jump in the entanglement entropy, although it is necessarily smaller. (It is
of order pure numbers, as opposed to of order N2.) The high temperature regime of the
entanglement entropy for all cases here is in some sense universal, being controlled by the
large black hole behaviour, which is perhaps not too surprising.
The setting allowed a study of the novel second order phase transition of ref. [9] as
well, revealing a stationary point in the entanglement entropy itself, as a function of tem-
perature — a feature that (as far as we know) has not been seen before. This may be
worth further study, to gain more insight into how entanglement entropy behaves across
important second (and other) order phase transitions of relevance to various systems of
interest theoretically and experimentally. It was notable that the entanglement entropy’s
temperature dependence, even though we were far from the thermal regime (A was small),
inherited key features of the form of the temperature dependence of the parent black holes’
entropy, including a critical point. We examined the physics in the neighbourhood of this
point, and to the accuracy that we worked, we saw that the critical point has the same
singular behaviour (critical exponents) for the specific heat as the black hole physics, a fact
not guaranteed a` priori.
13See ref. [36] for an early study of holographic entanglement entropy through a deconfining phase tran-
sition in infinite volume.
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It is worth noting that we can already contrast what we have seen here with results
in ref. [37] for the entanglement entropy in a system with a second order transition, which
was also studied holographically. That was for a fully back-reacted supergravity dual of a
superconductor [38], and that was the first such study of the entanglement entropy of such
a system. Interestingly, while again there was a change in the slope of the entropy as a
function of T across the transition, the change was discontinuous, while here it was smooth
(through a point of inflection). Both situations are fully back-reacted gravity solutions,
so it would be interesting to study further what features (beyond a condensing scalar and
perhaps finite volume) account for the stark differences in behaviour. This is probably an
important class of examples to enlarge so that further study may be pursued.
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